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Order estimation of the best approximations and of the approximations by Fourier sums of 
classes of {ip, /3)-differentiable functions 

BcxaHOBjieno tohhI sa nopa^^KOM on;iHKH nafiKpamnx piBHOMipHHx HaGjinxceHb xpHroHOMex- 
pHHHHMH nojiinoMaMH Ha Kjiacax C^^ — 27r-nepioflHHHHx nenepepBHHx (|)yHKn;iH /, axi 306- 
O ■ paJKyioTbca sropTxaMH (|)yHKn,iH, mo Hajieacaxb o;];hhhhhhm xyjiaM npocxopiB Lp, 1 < p < 00, 

^ ■ 3 (|)iKcoBaHHMH TBipHHMH 3^paMH fs C Lpi, ^ + ^ = 1, Koe(|)iij,ieHTH Oyp'e HKHx cna^aioTB 

^ I ^o HyjiH npH6jiH3HO jiK cxeneneBi (|)yHKn;ii. TohhI nopa^KOBi on;iHKH naflKpamnx HaGjiHJKeHb 

Q ! BcxanoBjieHo xaKOJK i b Lp-ueTpnu^i, 1 < p < oo, j^jis KjiaciB L^^ — 27r-nepioflHHHHx (|)yHKij,iH 

^ / eKBiBajieHTHHX Bi/i;HOCHO Mipn JIe6era ^o 3ropTOK a^ep \Ef^ C Lp i3 cJ)yHKn,iaMH 3 o^hhhh- 

Hoi' Kyjii npocTopy Li. HoKa3aHO, mo b ycix po3rji5i^yBaHHX Bnna^Kax nopa^KH nafiKpamnx 
^ ' HaGjiHJKeHb peajii3yioTb cyivin Oyp'e. 

There were established the exact-order estimations of the best uniform approximations by 
the trigonometrical polynoms on the C^^ classes of 27r-periodic continuous functions /, which 
are defined by the convolutions of the functions, which belong to the unit ball in Lp, 1 < p < 00 
spaces with generating fixed kernels \E'^ C Lpi, ^ + ^ = 1, whose Fourier coefficients decreasing 
to zero approximately as power functions. The exact order estimations were also established 
in Lp-metrics, 1 < p < 00 for ^ classes of 27r-periodic functions /, which are equivalent by 
means of Lebesque measure to the convolutions of \E'^ C Lp kernels with the functions that 
belong to the unit ball in Li space. We showed that in investigating cases the orders of best 
approximations are realized by Fourier sums. 
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Hexafi Lp, 1 < p < oo, — npocTip 27r-nepioflHHHHx cyMOBHHx 4)yHKii,iH / si CKinHeHHOio 

/ 27r .1 

HopMOK) ll/llp, fle npH p e [l,oo) ||/||p= / \f{t)\Pdt)'' , a npn p = oo ||/||oo = esssup 

^ ^ * 

C — npocTip 27r-nepioflHHHHx HenepepBHHx 4)yHKii,iii, y flKOMy Hopivia saflaeTbca piBHicTio 

||/||c = max|/(t)|. 

Hexaft, flajii L^^ — Kjiac 27r-nepioflHHHHx (J)yHKLi,iii f{x), Koxpi Mafiace fljia Bcix a; e R 
npeflCTaBjifliOTbCfl aropTKaMH 

TT 

/(^) = y + ^ / - tMt)dt, ao e M, ± 1, (1) 

— TT 

fle llv^llp < 1, 1 < p < oo, ^'/^(t) — cyMOBHa na (0, 27r) 4)yHKii,i5i, pa^ Oyp'e skoi Mae BHrjiafl 

°° Btt 

J2i^ik)cos{kt-^), i;{k)>0, peR. (2) 

k=l 

OyHKi];iio </? b 3o6pajKeHHi (1), ari^HO 3 O.I. CxenaHi^eM [1, c. 132 ], nasHBaiOTi. (■0, ^)-noxiflHOio 

nip 

- ip 



4)yHKii,ii / i noaHanaiOTb nepea ft 



ripH ijj(k) — k"'^ KjiacH nepeTBopioiOTbCfl y BiflOMi KjiacH Beiijia-Haflfl W^^, a ix (■0, ^)- 
noxiflHi MafijKe CKpiat cniBnaflaiOTb 3 noxiflHHMH b cenci Beiijifl-Hafla ocTaHHi npn r — 
r e N MaiiJKe CKpisb aSiraiOTBCfl ai SBHHaiiHHMH t-mh noxiflHHMH 4)yHKii,ii /. 

5Ikii],o TBipne flflpo Kjiacy L^^ saflOBOJibHae BKjiiOHeHHio e Lp/, p + ^ = 
TO L^p C Loo, 1 < P < 00, a aropTKH BH^y (1) e nenepepBHHMH 4)yHKii,iflMH 
(flHB. TBepflJKeHHa 3.8.1 po6oTH [1, c. 137]). ToMy Kjiac ycix (JjyHKi^iii / BH^y (1), fljia jikhx 
WfWp < 1) £ Lpi Sy^eMO nosHanaTH nepea C'^^p- 

y BHnaflKy, aKmp e Lp, 1 < p < 00, to (^hb., nanpHKjiafl, [2, c. 71]) Mae Mici];e bkjiio- 
HeHHfl ^ (Z Lp. 

B flanifi poSoTi poarjiflflaeTbca aa^ana npo 3HaxoflJKeHHfl tohhhx nopaflKOBHx oii,iHOK 4)yHK- 
i];ioHajii>HHx KjiaciB L^^ Ta L'^^ cyMaMH Oyp'e Sn-i{t) nopfl^Ky n — 1 y MeTpHxax L^ Ta Lp 
BiflnoBiflHO 

(3) 
(4) 

a TaKOJK sa^ana iipo SHaxo^jKenHH tohhhx iiopjiflKOBHX oii,iHOK HaHKpairi,HX HaGjinaceHb KjiaciB 
L^pTa L^^ B MeTpHKax Ta Lp BiflnoBi^Ho 

En{Llp)L^= sup inf ||/(.)-i„_i(.)||oo, l<p<oo, (5) 



^n{L^^p)L^ 


= sup 






-i(/;-)IU, i<p<oo 




— sup 






i<p<oo. 



tn-lET2n-l 



K(L^,i)l,= sup inf ||/(.)-f„_,(.)||^, l<p<oo, (6) 

f^Ti> *n-l€/2ra-l 



3 

fle 72n-i — niflnpocTip ycix TpnroHOMeTpHHHHx nojiinoMiB nopa^Ky He BHiii,oro sa n — 1. 
3po3yMijio, mo y BHna;];Ky KjiaciB C^^ HopMy || ■ ||oo b (3) i (5) cjiifl saMmHTH na || • \\c i npn 

JJ,.Jis KjiaciB Befijifl-Haflfl W^p, /3eM, l<p<oo tohhI nopa^KOBi oii,iHKH BejiHHHH 
(3) - (6) BiflOMi i MaiOTb BHrjia^ (^hb., HanpHKjiafl, [3, c. 47-49]) 





1 < p < oo, 


1 

r > -, 
P 




(7) 




I < p < oo, 


1 

r > -, 
P 




(8) 




1 < p < oo, 


1 

P' 


1 1 

- + - = 1, 


(9) 




1 <p < oo. 


1 

r > -, 


- + - = 1, 

p p 


(10) 


^n{W^,p)p n-' Inn, 


p= l,oo. 


r > 0, 


n e N\{1}. 


(11) 



y 4)opMyjiax (7) - (11) i Ha^ajii nifl aanncoM x 6yfleM0 poayiviiTH icnyBaHHa flOflaTHHx 
CTajiHx Kx i Ki TaKHx, ii];o KiB^ < A„ < K2Bn, n e N. 

moflo BHnaflKy p = l,oo sayBajKHMO, mo saB^aKH poSoTaM A.M. KojiMoropoBa [4], 
B.T. riiHKeBHHa [5], CM. HiKOJitctKoro [6], [7], A.B. G4)iM0Ba [8] Ta CO. TejiaKOBCtKO- 
ro [9] fljia BejiHHHH ^n(l^^,oo)oo Ta ^^71(1^^,1)1 npH r > 0, /3 e R BiflOMi acHMnTOTHHHi piBHOCTi 
npH n — >■ 00. 

III^o JK CTOcyeTbca nafiKpamnx HaSjinaceHb En{W^^^)oo Ta En{W^^i)i, to saB^aKH poSoTaM 
m. OaBapa [10, 11], B.K. ^i^aa^HKa [12], [13], CB. CTenKma [14] Ta Cynb K)H-meHa [15] 
BCTaHOBjieni tohhI snaHeHHa ii,hx BejiHHHH npn ycix neN, r>Oi^eM. Tonni snaHeHHa 
BejiHHHH £^„(W^p)oo BiflOMi TaKoac y BHnaflKy p — 2 [16]. 

Ha Kjiacax L^^ tohhI nopa^KOBi oii;iHKH BejiHHHH Sn{L^p)s Ta En{L'^p)s y BHnaflKy, kojih 
'^{k)kv~^ MOHOTOHHO HespocTaiOTB i ^l^k) ^ < ^) A; e N Syjin aHafiflem y po6oTi O.I. Ctb- 
naHi];a Ta O.K. Kymnejia [17] npn flOBijiBHHx 1 < p, s < 00. 

KpiM Toro, TOHHi nopaflKOBi oii,iHKH BejiHHHH En{Vpp)s Ta En{L^p)s Oflepacani O.I. Ctb- 
naHi];eM [18, c. 48] npn flOBijiBHHx 1 < p, s < 00 3a yMOBH t/j e 9Jt^ (b ii,i>OMy BHnaflKy ■0(^) 
cnaflaiOTi. flo nyjia ne noBijibnime niac Hjienn fleaKOi reoMeTpHHHoi" nporpecii), a TaxojK npn 
flOBijiBHHx 1 < p, s < 00 aa yMOBH e 9]?'^ (b 3a3HaHeH0My BHnaflKy ■0(^) cnaflaiOTb flo nyjia 
niBHflme flOBijibHoi" CTeneneBOi 4)yHKii;ii, ajie ne niBHflme aa fleaxy reoMeTpHHHy nporpeciio). 
SroflOM B.C. PoManiOK [19] y BHnaflKy t/j e 03?'^ aohobkhb araflani peayjibTaTH O.I. CTenan- 

Ufl, BCTaHOBHBniH TOHhI nOpaflKH BejIHHHH £n{C^p)c, 1 < P < 00 (flJia BejIHHHH En{C^p)c 

npH tp e 9Jl'^ HHTaHHa npo tohhI nopa^KOBi oii,iHKH flo i];hx nip sajinmaeTBca BiflKpnTnivi) . 

SaanaHHMO TaxojK, ni,o npn p = 2 Tonni anaHenna Bejinnnn £n{C^p)c flJia Bcix n e N, ^ e R 

00 

3a yMOBH aSiacHOCTi pa^y ^ ■0^(A;) anafifleni y po6oTi A.C CepfliOKa Ta LB. CoKOJienKa [20]. 

fe=i 
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3aji8iHSi npo Tonm anaHeHHsi BejiHHHH 8n{L^^2 Ta En[V^2)2 noBHicTio po3B'fl3aHa y po6oTi 
O.I. CTenaHi];fl xa O.K. Kymnejia [17]. 

ripH p = 1,00 pesyjibxaTH, m,o MicTsxb acHMnxoTKHHO tohhI oii;iHKH BejiHHHH Sn{L^p)p, a 

TaKOJK TOHHi HOpflflKOBi OLi;iHKH BejIHHHH En{L^ ^jp B 3ajieJKH0CTi Bifl lUBHflKOCTi npHMyBaHHH 

flo HyjiH nocjii;];oBHOCTi V'l^) npn /c — >■ 00 Haii6ijibm noBHO BHKjia^^eni b MOHorpa4)iax [1], [21]. 

B flaniH po6oTi BCTaHOBjieno tohhI nopa^KOBi oii,iHKH BejiHHHH (3)- (6) npn flOBijiBHHx /3 e R 
y BHnaflKy, kojih nocjiiflOBHicTb ilj{k) cnaflae flo Hyjia ne noBijiBHime i ne niBHfline flesKHx 
CTeneneBHx 4)yHKii,iH. Thm caMHM ;];onoBHeHo ocHOBHi peayjitTaTH poSoTH [17] no BiflinyKaHHio 
cjia6Koi acHMHTOTHKH BejiHHHH Sn{L^p)s Ta En{L^p)s Ha BHnaflKH p = 1 i s = 00. 

HepeHfleMO flo tohhhx (J)opMyjiioBaHb. 

BBaafaiOHH, 111,0 nocjiiflOBHicTb ip{k), 111,0 BHSHanae Kjiac Cg^. e cjiiflOM na MHOJKHHi N 
jiesKoi HenepepBHoi" 4)yHKn;u tpij;) nenepepBHoro apryMenxy t > 1, nosnaHHMO nepea ©p, 
1 < p < 00, MHoacHHy MOHOTOHHO HespocTaiOHHx 4)yHKn;iH ip{t), fljifl aKHx icHye CTajia 
a > ^ Taxa, mo 4)yHKii;i5i f^tpit) MafijKe cna^ae, toGto sHaftfleTbCfl flo^aTHa CTajia K Taxa, 111,0 
tii^iti) ^ Kt2ip{t2) flJiH 6yzi;b-aKHx > ^2 > 1; nepes B nosHanHMO MHOxcHHy mohotoh- 
HO HespocTaiOHHx npn t > 1 flOflaTHHx 4)yHKii,iH ijj{t), fljia kojkhoi 3 akhx Moacna BKaaaxH 
flOflaTHy CTajiy X Taxy, mo 

^<K, yt>i. 

i,{2t) - 

Haflajii CKpiat. Gy^eivio BBa:acaTH, in,o ■0 e S fl ©p, 1 < p < 00. Ymo- 
Ba ^0 e Gp, 1 < p < 00, flK HeBaacKO nepeKonaTHCB, rapanxye cnpaBefljiHBicTb 
BKjiiOHeHHa e Lp/, i + ^ = 1 (flHB., HaiipHKjiafl, [22, c. 657]). Hk BnnjiHBae 

3 [1, c. 165, 175], HKin,o ip & B 9Jt, fle 9Jt — MHoacnna ycix onyxjinx flonnsy na [1, 00) 
4)yHKii;iH ipit), TaKHx, mo lim ^(t) = 0, to Moacna BKaaaxH xaxe r > 0, 111,0 npn Bcix t>l 6yfle 
BHKOHyBaTHCb HepiBHicTB ipit) > Kt~^. 

ripHKjiaflaMH (|)yHKii;iH ip, mp aaflOBOJibnaiOTb yMOBy ijj e 5n©p, e, soKpeMa, (|)yHKii;ii' BH^y 
ij{t) = ^, r > i; m = a > 0, c> 0, r > i, t > 1; ^(t) = i^^^, a > 0, 

c> er - 1, r > i, t > 1. 

7 p 7 — 

Mae Micn;e HacTynne TBep^^JKenna. 

TeopeMa 1. Hexau 1 < p < 00, j3 E M, i/j E B f] ©p. Todi icHywmb dodamm eeAuuuHU K^^^, 
(2) 

p7 uj,o Mootcym'b sajieotcamu nume eid i/j i p mani, w,o djifi doeiJihHux n e N 

0(n)ni < En[ci;)^ < Sn{ci;)^ < K^pi^{n)n^ . (12) 
^OBe^eHHa. ^Jia flOBijiBHoi 4)yHKii;ii / e C^pi sriflHo 3 inTerpajiBHHM 3o6pajKeHHaM (1), 

OflepJKHMO 

7r 

fix) - Sn-lif; ^) = lj - tMt)dt, (13) 



5 



(14) 



k=n 



(15) 



SacTOcoByioHH HepiBHicTb Fejibflepa, 3 piBHocTi (13) MaeMo 

fl,el + ^ = l,l<p<oo. 

nepeTBopHBiuH (jDyHKii;iio ^'^^„(t) 3a flonoMoroio nepeTBopeHHs A6ejia, npn flOBijiBHOMy 
n e N, oflepjKHMo 

oo 



k=n 



Ae Ailj{k)^i/j{k)-ilj{k + l), a 

Ptt 



— COS 



[sin 2'=+it1 


/37r 

+ sm- 


2sin| 





cos I - COS 

2 sin 4 



OcKijiBKH (flHB., nanpHKjiafl, [23, c. 13]) 

\DkAt)\ <\ + k^ \DkAt)\ < (l + 7r)(^), < \t\ < TT, 
TO fljifl 6yfli>-flKHx A;eNil<p'<oo MaeMO 

TT 

J iDk^t^'dt < J (1 + kfdt + j {1 + Trf^ < K,,k^' 

fle — CTajia, mp sajiejKHTb si^ p' . 3 (18) Ta ot^skvl (19) OTpniviaeMO 

1 XX 

IPmWIIp' < k^^, i<p<oo, - + - = 1, /3e 

fle Kp^i — CTajia, mf) sajiejKHTb Bi^ p. I3 (16) xa (20) BnnjiHBae nepiBHicTb 

00 

||*^,n(^)||p' < KpAY^i^{k)kv +i^{n)nl>), 1 < p < 00. 

k=n 



'-1 



(16) 



(17) 



(19) 



(20) 



(21) 



^jifl on;iHKH cyMH ^ A'il){k)kp naivi 6yfle kophchhm nacTynne TBepflaceHHsi. 

k=n 

JleMa 1. Hexau r e (0, 1], a V'(^) > 0, MonomoHHO nespocmae i Bah net snaudembCA £ > 
muKe, mo nocAidoeHicmh k^~^'^ip{k) Mauotce cnadae. Todi icnye cma/ia K, sajieofcna eid ip i r 
maKa, m,o dna doeiAhHux n & N 



(22) 



k=n 



^OBe^eHHa. OcKijibKH x/j{k) mohotohho neapocTae, to fljia Vr > 

oo oo 

Y.^'iPikW >n"J2^'4^{k) =n''ip{n). (23) 

k=n k=n 

SajiHinaexbca noKaaaxH, mo sa BHKOHaHHa yMOB jicmh 1 BHKOHyexbca nepiBHicTb 

oo 

J2 A^(A;)A;'' < Ki}{n)rf . (24) 

k=n 

SacTOcyBaHHa nepeTBopeHHJi ASejia flosBOJiae fljia 6yfli>-flKHx HaTypajitHHx n < M, i flo- 
BijiBHoro re (0, 1] sanncaTH piBHicTb 

M M k ^ n-1 ^ M ^ 

T.^m-' = Y.^mY.^r- ^ w E ^ + ^(^ + 1) E (25) 

k=n k=n v=l i/=l v=\ 

B CHjiy npocTHx reoMeTpHHHHx MipKyBanb neBaacKO nepeKonaTHCB, 111,0 fljia flOBijiBHHx m e N 
i r e (0, 1] 

1 ""11 

-K-1)<E^^-^^- (26) 
i/=i 

ToMy B CHjiy (25) i (26) 

M M 

i){k)¥-^ ^ ~ ( E - 1) - ^jJ{n){n - 1)^) > 

k=n k=n 

> - ( J] Aij{k)k' - V'(n) ((n - !)'■ + l)) . (27) 

k=n 

HpH M ^ 00 is oflepjKyeMo 

00 00 

J2 M{k)k'' < r J2^ik)k'^~^ + i^{n) {{n - ly + l) . (28) 

k=n k=n 

OcKijibKH 3a yMOBOK) jieMH icHye £ > Taxe, in,o nocjiiflOBHicxb k'^'^^ip{k) Maiiace cna^ae, to 
SHaiifleTbCfl CTajia Ki Taxa, 111,0 

i^{k)¥+' < Ki'il){n)rf^^ , k^n,n + l, (29) 

TOMy 

J2 mk""-' = E "^^^ ^ KMnX^' E ^ ^ K,i;{nX- (30) 

k=n k=n k=n 

I3 (28) i (30) BHiijiHBae (22). Jleiviy ^OBe^^eno. 

OcKijiBKH ip e Qp, TO, sacTocyBaBniH jieny 1, npn r = Ms (15) Ta (21) oTpHMyeMo nepiBHicTb 

^-{'^t)a ^ ^-Kp)c < OW^"' 1 < p < 00, (31) 
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K^pp — BejiHHHHa, mo sajieacHTb sifl ijj i p. 

P^jia Toro, ii],o6 o^epacaTH oi];iHKy 3HH3y posrjiflHeMO npn aaflanoMy n e N 4)yHKii,iio 

ailj{n) 
i-i 

fle — flflpa MBTOfly Bajijie HycceHa 

2m- 1 



/;« = ^^(V2n{t) - a > 0, n e N, 



(32) 



-C^fe(^) ~ sflpa ^ipixjie 

1 sin (k -\- -^t 

Dk{t) ^- + J2<^osut^ ^ , k e N. 

Z Z bill r> 

I/ = l ^ 

rioKajKeMO, cnonaTKy, iii,o npn nesHOMy snGopi SHaHenHfl napaivieTpa a BHKOHyeTbca Hepis- 
nicTb 



(/;.(•)) 



< 1, 1 < p < oo. 



(33) 



p 



P^jia. i];i>oro CKopncTaeMOCb nacTynHHM TBepflJKeHHflM po6oTH [21, c. 117], b aKiii BCTaHOBjieno 
HepiBHOCTi BepHniTeiiHa fljia (■0, ^)-noxiflHHx b Lp- MeTpHxax fljia nojiinoMiB, to6to nepiBHOCTi 

MijK ||(im)^||p Ta ||im||p, fl© tm — TpHrOHOMeTpHHHi nOJIlHOMH HOpflflKy 171. 

TBep^aceHHa 1. Hexau 1 < p < oo, ^ e IR, ip{k) — doewhua HespocmawHa nocmdoe- 
Hicm'b Heeid'eMHUx Huceji. Todi djin doeiAhHoso mpmonoMempuHHOso nojiinoMa tmi') nopfidKy 
m 3HaudembCM eejiuHuna C^^p, tu,o Mootce aaAeofcamu mwhKU eid ^yHKV,n ma hucaq p 
maKa, mo 

ll(^™(-))J||,<C^,p(V'(m))-ltm(-)llp- (34) 

OcKijIbKH fna ^ TpHrOHOMexpHHHHM HOJliHOMOM HOpHflKy 4n — 1, TO, BHKOpHCTOByiOHH 
TBepfl>KeHH3 1, OTpHMaeMO 



< 



P ^(4n - 1) 



^A\V2n(t)-Vnmp- 



{f:,ait)) 

SnaftfleMo oii,iHKy ||V2n(^) — Ki(^)||p- BpaxoByiOHH, 111,0 
fle Fk{t) — aflpa Oefiepa 

i BiflOMi oii;iHKH fljia a^ep Oeftepa (ahb., nanpHKjia^, [23, c. 148-151]) 



(35) 



(36) 



0<Ffe(i) < A; + l, Ffe(t) < 



{k + l)i2 



, < i < TT, 
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OflepjKHMO HacTynni oii,iHKH fljia Vm{t): 

\VUt)\<A2m, \Vm{t)\<^, 0<t<7r, 
Ai — aScojiiOTHi CTajii. To^i, npn 1 < p < oo 

\\V2n{t)-Vnmp<AJ j nm+ J -^^dtj <A,n'-> 

V|t|<^ h<\t\<^ 
SayBajKHMo, mo npn p = 1 3 nepiBHocxi (37) BHnjiHBae oii,iHKa 

^ajii, BpaxoByioHH BKjiioHeHHa tjj & B Ta. nepiBHicTb (37), 3 (35) oTpHMyeMo 



(37) 



P U P 



(38) 



(39) 



Cp,i/) — BejiHHHHa, 111,0 sajieacHTb Bifl ip i p. Upa a = = (Cp,^)~^ 3 (39) BnnjiHBae nepiBmcTb 
(33), a, OT>Ke, i BKjiiOHeHHa /*^^, e ^tv 

SnaiifleMO Koe(|)iii;ieHTH Oyp'e 4)yHKii,ii V2n{t) — Vnit). SriflHo 3 (J)opMyjioio (3.3.5) po6oTH 
[1, c. 31] fljis aflep Vmit) BHKOHyeTbcs piBnicTb 

2m- 1 ^ 

V^{t) = D^{t) + 2 {l- — ) cosH, m e N. 



k=m+l 



2m/ 



(40) 



SacTOCOByiOHH (40) npn m — n i m — 2n, o^cpacyeMO 

V2n{t) - Vn{t) = 

2n-l , 4n-l 



2n 



k=n+l 



k=n+l fe=2n+l 

B CHjiy piBHOCTi HapceBajifl 

2n , „ 4n— 1 



= L'2n(^) - ^n(i) - 2 5^ (l-^)cosA;i + 2 ^ (l-^^coskt^ 



An-l 



k=2n+l 



k 



(41) 



. k=n+l 
An-l 



k=2n+l 



k y 



f2n An-l \ / n ^ 2n-l 



, k=n+l 



fc=2n+l 



k=l 



k=l 



TT / n(n+ l)(2n+ 1) (2n - l)2n(4n - 1) 
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+ 



24 



= 7r(n+ — ). 
4n 



(42) 
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Is BHnjIHBae, 111,0 (V2n — Vn) J- tn-1 flJIfl 6yflI>-flKOrO nOJiiHOMa tn-l e 72n-l- ToMy 



i„-l(t)(l^2nW-K(t))c?i = y /;a,(t)(^2n(t)-KW)c?t = 

— TT — TT 

= ^4^||^2nW-KW||^. (43) 

n p 

3 inmoro 6oKy, BHKopHcxoByioHH HepiBHicxb Fejib^epa xa BpaxoByioHH (38), oxpHMyeMo 

TT 

/ ifUit) - tn-l{t)) iV2n{t) - V^{t))dt < 

— TT 

< WfUit) - tn-l{t)U\V2n{t) - Vn{t)\U < A||/;«.(t) - tn-l(t)||oo. (44) 

I3 - OflepjKyeMO 

WfUit) - tn-limoo > ^^\\V2n{t) " K(^)||^ > ^^^^^U = ^(n)^^. (45) 

3 (31) xa (45) BHiumBae (12). TeopeMy 1 flOBe/],eHO. 

TeopeMa 2. Hexaii /3gM, ■i/'G-BnGi i euKOHyemhCH odna 3 yuoe 

A2(1/V'(A;)) > 0, ken (46) 

a6o 

A2(1/^(A;)) < 0, fceN, (47) 

^eA2(lM/.))i^-^ + ^.^ 

Todi icHywm'b dodamni eejiuuuHU k'^'^ i K^'' , vu^o Mootcymt, aaAeotcamu Jiume eid mam, 
tu,o dAA doeiAbHux n e N 

<V(n)n < E^C^,)^ < en{Cl,)c < K^^^n. (48) 
^OBe^eHHa. 3acxocyBaBmH nepiBHicxb (31) npn p — 1 MaeMO 

E^{Cl,)^ < ^„(CJ0^ < <V(n)n, (49) 

fle K^"^ — BejiHHHHa, mo sajiejKHXb jinmc ai/j, ip. 

J\ji5i xoro, 111,06 oflepjKaxH oii;iHKy sHHsy, posrjiaHeMo (j3yHKii;iio 

/«(i) = aV(n)(l^2n(i) - K(i)), « > 0, n e N, 

Kn(^) ^ H^pa Bajijie HycceHa BHrjiH^y (32). HoKaJKeMO, mo iipn iieBHOMy BHSopi iiapaMexpa 
a > fn}a e C"^!- Aji^i ii;boro nan 6yfle kophchhm xBepflaceHHa poGoxH [21, c. 120] b axoMy 
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BCTaHOBjieHo ori;iHKH HopM HepiBHOCTi BepHniTeHHa fljia [ijj, /3)-noxiflHHx b Li-MeTpHi];i fljia 

nOJlinOMiB tm G 72m+l- 

TBep/];»ceHHa 2. Hexau ip{k) — doeiAbua HespocmawHa nocjiidoemcmb neeid'eMHUx uuceji, 
djia HKUX euKOHyemhCH odna 3 yMoe (46) a6o (47) i, KpiM mo20, 

sW^\Y,i^{n){ki:{k))-'^0{l), (50) 

k=l 

de 0{1) — ecAUHUHa, pienoMipHO odMecHcena no n. Todi Bah doeiAhHozo mpmoHOMempuHHOso 
noAinoMa tm(-) nopHdny m SHaudembCH cmaAa C^, uifO Mocnce saAeofcamu miAbKU eid (pyuKv^n 
eid ip{-), maKa, vj,o 

||(i,n(-))^IL<C4V'M)"'llU-)l|l- (51) 

SayBajKHMO, mo kojih ^0 e 0p, 1 < p < oo, to yMOBa (50) saBJKflH BHKOHyeTtcfl, ocKijibKH 
B ii;i>OMy BHnaflKy icnye hhcjio a > ^ Taxe, iij,o nocjiiflOBHicTi. ip{n) — n~°'ip{n) mohotohho 
cnaflHa, a Taxoac 

gV^.f i^<i£lg^<K,<.o. (52) 

SoKpeMa, sKujp ijj & Qi, TO yMOBa (50) BHKOHyeTbCfl npn 6y;i;b-aKHx /3 e M. Sorjifl^y na ii,e, 
ocKijiBKH fn}a{f^ — TpHTOHOMeTpHHHHH nojiiHOM HopH^^Ky 4n — 1, TO B CHjiy (51), 3 ypaxyBaHHaM 
BKjiiOHeHHfl -0 e n ©1 Ta BHKOHaHHfl oflHiei 3 yMOB (46) a6o (47), o^epacHMO 

^ «^V'77r^^ll^2n(t) - K(t)||i < cxC^, (53) 

-0(471 — Ij 

f\c — BejiHHHHa, 111,0 3ajiejKHTi> Bi^ ■0. Hpn a — ai — (C^)"^ 3 () BnnjiHBae, mo 
|(/aW)J||^<l- 

ripOBiBmH Ti JK MipKyBaHHfl, flKi BHKOpHCTOByBajIHCB flJIfl 3HaX0flJKeHHa OIi;iHKH (45) flJia 

4)yHKn;ii f^a(t) o^epacHMO nepiBHicTb 

ll/S,W-^n-i(t)i|oo><V(n)n, (54) 

fle X^^^ — BejiHHHHa, iii,o 3ajie2CHTi> Bifl 0. I3 (49) Ta (54) BnnjiHBae oi];iHKa (48). Teopeiviy 2 
flOBe^eHO. 

TeopeMa 3. Hexau l<p<oo, P&W, ipEBn ©p/, ^ + ^ — 1, i euKOHyembca odna 3 yuoe 
(46) a6o (47). Todi icHywrnb dodamni eeAUHunu -f^^^p i -f^^^p; Moofcymb 3aAeotcamu Aume 
eid ip i p, maKi, ui,o dAA doeiAbuux n e N 

Kl^lHn)n^ < En{Ll,)^ < £„(L^,Jp < 0(n)n?^. (55) 
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^OBe^eHHa. SaysaacHMO, mo sa BHKOHaHHH yMOBH i/j G Op/, 1 < p' < oo, TBipne flflpo 
Kjiacy L^^ saflOBOJibHae BKjiiOHeHHK) G Lp, 1 < p < oo. Tofli ^ G Lp i, 3 ypaxyBaHHSM 
HepiBHOCTi lOnra (^hb., nanpHKjiafl, [1, c. 293]) xa inTerpajibHoro 3o6pajKeHHfl (1), MaeMO 

^nKl), < ^||^An(-)||j¥^(-)l|l < ^||^An(-)||,- (56) 

B CHjiy (21) 

°° 1 1 11 

||*/3,n(-)||p<^pM(Zl^^(^)^^+^H^^)' l<P<oo> - + - = 1' (57) 

k=n ^ ^ 

oo J 

Kp^\ — CTajia, mo aajiejKHTi. Bi^ p. To^i, aacTOcyBaBinn flo cyMH ^ Aip{k)kp^ jieiviy 1, is (56) 
Ta (21) oflepjKHMO 

^„(LjJ^ < £„(LjJ^ < Kfl^Pin)n^. (58) 
IIl,o6 oflepjKaTH oii;iHKy sHHsy BejiHHHHH £^„(L^^)^, 1 < p < oo, poarjianeMO 4)yHKii;iio 

/«(i) = aV'(n)(l^2n(0 - Vn{t)), a > 0, n G N. 

51k BHHjiHBae 3 HepiBHOCTi (), npH neBHOMy BnGopi napaivieTpa a — ai, aajieacHoro Bifl -0, 



BHKOHyBaTHMeXbCH HepiBHiCTb {fn,ai{t)) p ^ 1 ij OTJKe, fn,oii G -C/^i- 

OcKijiBKH (V2n — Vn) J- ^n-i flJis SyflB-flKoro HOJiinoMa tn-1 G 72n-i) TO Mae MlCU^e piBHiCTb 
/ (/Si(^) - ^-i(^)) (^2n(i) - V^{t))dt = aiV'(ri)||V-2n(i) - V^{t)\\l (59) 

— TT 

3 inmoro 6oKy, b CHjiy (37) 

\\V2n{t) - Vn{t)\\p^ < A^nP, 1< p < oo, 

i TOMy, aacTocoByioHH HepiBHicTb 3.8.1 Ta 3.8.3 poSoTH [1, c. 137, 138], MaeMO 

TT 

/ {filit)-tn-lit)){V2n{t)-Vnit))dt < \\fi%{t) -tn-imp\\V2nit) -Vnimp' < 

— TT 

<AnHfjiUt)-tn-mp- (60) 
Is (59) Ta (), BpaxoByiOHH cniBBiflHomeHHfl (), OTpHMyeMO 

ll/S.(^) - tn-mp > ^mnit) - V^ml = = <V^(n)n^. (61) 

3 (58) Ta (61) BHnjiHBae (55). Teopeny 3 flOBe^eHo. 
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SaysaacHMO, mo b TeopeMax 2 i 3 BHMorn EHKonaHHs o^^niei 3 yMOB (46) Ta (47) MOJKHa saMi- 
HHTH Ha 6ijibm aarajiBHy (ajie Menm nposopy): m,o6 fljia /3 e M i p^jisi nocjiiflOBHOCTi -0 e n 0i 
(y BHnaflKy TeopeMH 2) a5o ip E B CiQp {y nnna^^Ky xeopeMH 3) BHKOHyBajiacB HepiBHicxb (51). 

Jlna 4)yHK^iH ip{t) = ^^^-p^, a > 1, c> - 1, t > 1 Ta ip{t) = jFj^^^^f^, a > 0, c > 0, 
t > 1 BHKOHyiOTbCJi Bci yMOBH TBopeM 2 (npH r > ^) Ta 3 (npn r > 1 — ^) i, oTJKe, fljia BejiHHHH 
En{C^^i)c Ta En{L^^^)p, 1 < p < oo, MaiOTb Micii,e cniBBiflHomeHHa (48) Ta (55) Bi^noBiflHO. 
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